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In this paper we study the quantum cosmology of f(R, L m ) gravity in flat FRW universe, where 
the three-geometry is homogeneous and isotropic. In the minisuperspace spanned by the FRW scale 
factor a and the Ricci scalar R, we explicitly examine and verify the equivalence of the reduced 
action. We then canonical quantize the /(i?, L m ) model and present the corresponding Wheeler- 
DeWitt equation, which is at the heart of every canonical quantum cosmology. 
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I. INTRODUCTION 

From cosmic observations, such as the observations of 
type la supernovae [l| , cosmic microwave background ra- 
diation [2], large scale structure Q and baryon acoustic 
oscillations [4], we know that our universe is currently 
accelerating. This acceleration is due to the mysterious 
presence of dark energy, which accounts for 70% of the 
cosmic energy content @. f(R) gravity, first proposed 
in [fjj, where the standard Einstein- Hilbert action is re- 
placed by an arbitrary function of the Ricci scalar R, now 
acts as a promising way to solve the dark energy problem 

0- 

Recently, Bertolami et al. generalized the f(R) gravity 

by including in the action an explicit coupling between 
geometry and matter, i.e., they wrote the action as [8| 



S 



drxV=g{ MR) + [1 + A/ 2 (i?)]i, 



where fi(R) (with i = 1, 2) are arbitrary functions of the 
Ricci scalar R and L m is the matter lagrangian density. 
The cosmological implications of such non-minimal cou- 
pling were widely investigated in 9]. Harko and Lobo 
further extended this model to the maximal extension of 
the Einstcin-Hilbert action, i.e., they wrote the action in 
terms of an arbitrary function of both R and L m [lfj 



S= [d A x^jf(R,L m ) 



which incorporates an arbitrary non-minimal coupling 
between geometry and mcttcr. The properties of 
f(R, L m ) are extensively studied in |ll| . 

Quantum gravity, proposed by DeWitt in his pioneer- 
ing paper |12j | in 1967, is an effort to provide a quan- 
tum theory of the gravitational field and to cast light on 
the study of cosmology [13| . In the canonical quantiza- 
tion approach, which starts with a split of spacetime into 
space and time, the wave function ^(gij) is defined on a 
superspace, which, according to Wheeler, is an infinite- 
dimensional manifold whose points correspond to metrics 



on a three-dimensional spatial foliation, and acts as an 
arena where the development of the geometries of general 
relativity takes place [14| . Quantum geometrodynamics 
and loop quantum gravity are the popular examples of 
canonical quantum gravity. 

Our main purpose in this paper is to study the quan- 
tum cosmology of f(R, L m ) gravity in flat FRW universe, 
where the three-geometry is homogeneous and isotropic. 
Since we are not dealing with inhomogeneous fluctua- 
tions of the metric, the infinite number of gravitational 
degrees of freedom are reduced to just two variables, the 
FRW scale factor a and the Ricci scalar R, and the result- 
ing configuration space is called minisuperspace. Adopt- 
ing the method proposed by Vilenkin in [15], we present 
the Wheeler-DeWitt equation of f(R, L m ) gravity, which 
plays the role of Schrodinger equation for the wave func- 
tion of the universe, and at the heart of every canonical 
approach of quantum cosmology. 

The paper is organized as follows. In Sec.[TI]we present, 
for convenient reference, a brief review of f(R, L m ) grav- 
ity developed in [10] . Sec. IIIII are devoted to the deriva- 
tion of the reduced action of f(R, L m ) gravity in minisu- 
perspace. We first write the action of f(R,L m ) gravity 
in flat FRW universe via a Lagrangian multiplier and 
integrate by parts to get a reduced action. We then 
apply the variation priciple to obtain the reduced field 
equations. We explicitly verify that these reduced equa- 
tions are the same as the field equation in Sec. [IT] un- 
der flat FRW metric, which vindicates the equivalence of 
the reduced action and the original one. In Sec. IIVI we 
canonical quantize the f(R, L m ) gravity model in minisu- 
perspace and obtain the corresponding Wheeler-DeWitt 
equation. Sec. [V] contains a discussion and the conclu- 
sions. We use the natural unit system SttG = c = h = 1 
throughout this paper. 



II. BRIEF REVIEW OF f(R,L m ) GRAVITY 

The maximal extension of the Einstein-Hilbert action 
for non-minimal coupling gravity is given by [lfj 
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S = Jd 4 x^f(R,L m ) 



(1) 



where f(R,L m ) is an arbitrary function of the Ricci 
scalar R and the matter Lagrangian density L m . The 
energy-momentum tensor is defined as usual 



T 



2 S(y/=gL m ) 



(2) 



Assuming that L m depends only on the metric g M „ and 
not on their derivatives, © can be reduced into 



-* [ll> Ql±V ^Ti 






(3) 



Varying the action ([T]) with respect to the metric g^ v 
and using the expression of T^ v given by ([3]), one obtains 
the field equations of the f(R, L m ) model 



IrR^ + (g^O - V^V^/r - -(/ - fL m L m )g fJ ,v 



= l i h m T ilv (4) 



where □ = g^ v V M V„ and 
df(R, L m ) 



Ir 



OR 



h 



df(R,L r . 

dL m 



(5) 



Choosing f(R,L m ) = ^R + L m , i.e., the Einstein-Hilbert 
action, (0| can be reduced to the Einstein equation, R^,— 
\g^R = Tfiv, just as expected. 

Using the following mathematical identities J16j ] 



and 



(DV M - V M D)/ fl = RfJVfn 



VG^ = V(il^ - -g^R) = 



(6) 



(7) 



one can prove that 



/fl-R/x* + (ff/xj/D - V M V„)/ fl - -g^/ 



(8) 



Taking the covariant derivative of (J4J and using the iden- 
tity ©, one obtains the equation for the divergence of 
the energy-momentum tensor T^ v 



WT^ = 2(W]nf L „ 






(9) 



It is shown that in modified gravity with non-minimal 
coupling between matter and geometry, both the mat- 
ter Lagrangian and the energy-momentum tensor are 
completely determined by the form of the coupling |17j | . 
Once the matter Lagrangian density L m is given, one can 
choose appropriate forms of f(R,L m ) to obtain conser- 
vative models which give V^T^,, = 0. 



III. REDUCED LAGRANGIAN IN 
MINISUPERSPACE 

We now consider the f(R, L m ) gravity in flat FRW 
universe filled with matter and write the metric as 



ds 2 



-dt 2 + a 2 (t)dx 2 



(10) 



which is homogeneous and isotropic and thus drasticlly 
reduced the gravitational degrees of freedom. This space- 
time geometry is consistent with the present cosmological 
observations, such as the cosmic microwave background 
radiation, which have deviations from perfect smoothness 
on the order of 1CU 5 2]. 

The scalar curvature for the flat FRW metric (TTOl) is 



„ ,a a . 
R=6(- + ^) 
a a z 



(11) 



Plugging (JTDJl and ([TTj) directly into the f(R,L m ) grav- 
ity model (JI]) will yield us a higher-order derivative La- 
grangian, that is, a Lagrangian that contains the sec- 
ond derivative of a. Such a Lagrangian can be canonical 
quantized by the Ostrogradsky scheme (see, for example, 

18])- 

However, we shall adopt the method proposed by 
Vilenkin [15| and use a Lagrangian multiplier A to rewrite 
the action (JTJ) under the flat FRW metric (fTUf , where the 
expression of R ([TO is inserted as a constraint 



dt\a 3 f(R,L m )~X[R-6{- + —)))■ (12 



The action (fl"2"|) can be regarded as a dynamical system 
described by two independent variables, the scale factor 
a and the scalar curvature R. Varying (fl"2"|) with respect 
to R gives the value of A 



A = a 3 f R 



(13) 



We substitute (IT3|) back into (|T2"j) and integrate by parts 
to remove the second derivative of a, then obtain 



S = J dt [a\f - f R R) - 6ad 2 h 



-6a 2 aRf RR - 6a 2 a 2 fRL, 



dLm 

da 



(14) 



where we have assumed, as reviewd in Sec. [TH that the 
matter Lagrangian density L m depends on the metric g^ v 
and not on its derivatives. The reduced Lagrangian is 



L(a, d, R, R) = a 3 (f - f R R) - 6ad 2 f R 

- 6a 2 aRf RR - 6a 2 d 2 f R L 
where 



da 



Irr 



d 2 f(R,L m ) 
OR 2 



i fRL„ 



d 2 f(R,L m ) 
8L m dR 



(15) 



(16) 



Thus we get the reduced Lagrangian in which the FRW 
scale factor a and the Ricci scalar R play the role of 
independent dynamical variables. 

It is straight forward to verify that the reduced action 
(fT4|) is equivalent to the original f(R, L m ) gravity action 
JU under the fiat FRW metric (fT0|> . 

The variation of (TT4")) with respect to the scale factor a 
gives 



SS _dL d dL 
Sa da dt da 

= if a 2 - 3f R a 2 R + 6f R d 2 ^ 

+ Uf RR aaR + 6f RR a 2 R - 
d-L m o „ dL r , 



+ h 



J m 3 



Oa 



f 



RL, 



18/ 



RL-n 



6fRL, 



6/fU<„ 



uL m 

da 
d 2 L, 



da 
12/m 



12f R ad 
Gf RRR a 2 R 2 

a 3 R 

dh r . 



(17) 



<9a 



■a a 



da? 



m 2-2 i i of 

a a + l2f RLmR 



dU, 



-a aR 



dL m 
da 



2 ■ 2 

a a 



Using the following mathematical identities 
1 



D/ fl = -—d^y/^gsTdvfR) 



-fJ 



and 



v M v„/ fl = 9^/^ - r x d x f R 



(18) 



(19) 



one can directly verify that p7|) implies the space-space 
component of the field equation ((4]) under the flat FRW 
metric (fT0|). 

The variation of (fT4|) with respect to the Ricci scalar 
R gives 



(20) 



which implies dill) , the expression for Ricci scalar under 
the flat FRW metric (jTUl) , 

Thus, we explicitly verify that the reduced action (Til)) 
is equivalent to the original /(-R, L m ) gravity model in 
such a way that the variations with respect to its dy- 
namical variables a and R give the correct equations of 
motion as that of the f(R, L m ) action (fTJ) under the fiat 
FRW metric (fTUI). 



SS 


dL d dL 


SR " 


~dR~di~dR 




= -a 3 f RR 


r /a a 2 \l 

fl-6 - + -=■ 

\a cry 



IV. WHEELER-DEWITT EQUATION 

Now we can canonical quantize the reduced f(R, L m ) 
action (J14I) in minisuperspace, and give a detailed deriva- 
tion of the corresponding Wheeler-DeWitt equation 



#^ = 



(21) 



which plays the role of Schrodinger equation and is at 
the heart of every canonical quantum gravity. 

We first introduce the following two new variables to 
diagonalize the derivative part of the reduced Lagrangian 

G3 



u = a-v/Tfi, v=-lnf R 



(22) 



in terms of which the reduced Lagrangian (|15p reads 



L(u, u, v, v) 



rjR 



: ' r 



-6/ji 



v 2 + (/ - /flfl) 



(23) 



where R should be expressed in terms of v through (j2"2")l 
once the exact form of f(R, L m ) is given. The corre- 
sponding conjugate momenta are 



P _ dL __ 19 u « 

<9L u 3 

P v = — = 12^=u 



and the resulting Hamiltonian is 
H = iiP u + vP v - L 

L V/r ^2 i ! V7« p2 



(24a) 
(24b) 



24 u 



24 u 



3 « 



^7b 



(/ - /«iZ) 

(25) 



The DeWitt metric of the minisuperspace spanned by 
A,B = {u,v} is 



-12 



Gai 











12- 



(26) 



fjB. 



by which the Hamiltonian (|25p can be written as 

H=^G AB P A P B + V(u,v) 
where G AB is the inverse DeWitt metric and 

3 



V(u,v) 



/ Tr 



(/ - IrR) 



(27) 



(28) 



Since the Hamiltonian (|27|l is classically constrained to 
vanish because of the time-time component of the field 
equation (J4|) , the corresponding operator H in the quan- 
tum theory must annihilate the wave function. 

Making the following replacement in the Hamiltonian 



P„ 



-i± P 

du 



.d_ 

' dv 



(29) 



with the covariant Laplace-Beltrami ordering [R 

1 



G A *P A P B -> -Vi B = 



,d A {V-GG Aa d B ) (30) 



points. It contains terms that diverge as the big bang 
(or the big crunch) is approached, u — a-y/Jfl ~~> as 
expected. 



we obtain the Hamiltonian operator 



H = 



1 y/te d d 1 Vh. d 2 



24 u 2 du du 24 u 3 dv 2 



iJr 



(f-f R R) (31) 



Imposing H^> = gives the Wheeler-DeWitt equation 



1 



TR d d 

-u- 



24 u 2 du du 



If. 



1 Jhld 2 

24 u 3 dv 2 

3 

(/ - f R R) 



*(w,v)=0 (32) 



where, as stated before, the Ricci scalar R should be 
expressed in terms of v through (|22|) once the exact form 
of f(R,L m ) is given. 

The Wheeler-DeWitt equation (|32p . which can be re- 
garded as an analogue of the Schrodinger equation in 
quantum f(R,L m ) gravity, is a partial differential equa- 
tion of the wave function v£(u, v) in minisuperspace. As 
a result of quantized diffeomorphism-invariant theory, 
equation (j32l) is defined on the geometrical and matter 
degrees of freedom of the model, and not on spacetime 



V. CONCLUSION 

In this paper we have studied the quantum cosmol- 
ogy of f(R,L m ) gravity in flat FRW universe, where 
the three-geometry is homogeneous and isotropic. Since 
we are not dealing with inhomogeneous fluctuations of 
the metric, the infinite number of gravitational degrees 
of freedom are reduced to just two variables, the FRW 
scale factor a and the Ricci scalar R. We the canonical 
quantized the f(R,L m ) gravity model in the truncated 
minisuperspace and obtained the corresponding Wheeler- 
DeWitt equation, which plays the role of Schrodinger 
equation in every canonical quantum cosmology. 



VI. ACKNOWLEDGMENTS 

It is a pleasure to thank David Atkatz for emailing me 
his paper on quantum cosmology 13], and Tomi Koivisto 
for email correspondence. This work was supported 
by the National Natural Science Foundation of China 
(NSFC) under No. 11247309, the Excellent Young Teach- 
ers Program of Universities in Shanghai (No. shull028), 
and the Innovating Funds of Shanghai university. 



[1] S. Perlmutter et al. Nature 391, 51 (1998) [astro- 
ph/9712212]. A. G. Riess et al. Astron. J. 116, 1009 
(1998) [astro- ph/9805201]. S. Perlmutter et al. Astro- 
phys. J. 517, 565 (1999) [astro-ph/9812133]. 

[2] P. de Bernardis et al. Nature 404, 955 (2000) [astrc- 
ph/0004404]. S. Hanany, P. Ade, A. Balbi, J. Bock, 
J. Borrill, A. Boscaleri, P. de Bernardis and P. G. Ferreira 
et al., Astrophys. J. 545, L5 (2000) [astro-ph/0005123]. 
C. L. Bennett et al. Astrophys. J. Suppl. 148, 1 (2003) 
[astro-ph/0302207]. D. N. Spergel et al. Astrophys. J. 
Suppl. 148, 175 (2003) [astro-ph/0302209] . 

[3] M. Tegmark et al. Phys. Rev. D 69, 103501 (2004) [astro- 
ph/0310723]. U. Seljak et al. Phys. Rev. D 71, 103515 
(2005) [astro-ph/0407372]. 

[4] D. J. Eisenstein et al. Astrophys. J. 633, 560 (2005) 
[astro-ph/0501171]. W. J. Percival et al. Mon. Not. Roy. 
Astron. Soc. 401, 2148 (2010) [arXiv:0907.1660 [astro- 
ph.CO]]. 

[5] J. Frieman, M. Turner and D. Huterer, Ann. Rev. As- 
tron. Astrophys. 46, 385 (2008) [arXiv:0803.0982 [astro- 
ph]]. R. R. Caldwell and M. Kamionkowski, Ann. Rev. 
Nucl. Part. Sci. 59, 397 (2009) [arXiv:0903.0866 [astro- 
ph.CO]]. M. Li, X. -D. Li, S. Wang and Y. Wang, 
Commun. Theor. Phys. 56, 525 (2011) [arXiv:1103.5870 
[astro-ph.CO]]. 

[6] H. A. Buchdahl, Mon. Not. Roy. Astron. Soc. 150, 



1 (1970). RKerner, Gen. Rel. Grav. 14, 453 (1982). 
J. D. Barrow and A. C. Ottewill, J. Phys. A 16, 2757 
(1983). 

[7] S. 'i. Nojiri and S. D. Odintsov, eConf C 0602061, 06 
(2006) [Int. J. Geom. Meth. Mod. Phys. 4, 115 (2007)] 
[hep-th/0601213]. A. De Felice and S. Tsujikawa, Liv- 
ing Rev. Rel. 13, 3 (2010) [arXiv: 1002.4928 [gr-qc]]. 
S. Capozziello and M. De Laurentis, Phys. Rept. 509, 167 
(2011) [arXiv:1108.6266 [gr-qc]]. T. Clifton, P. G. Fer- 
reira, A. Padilla and C. Skordis, Phys. Rept. 513, 
1 (2012) [arXiv: 1106.2476 [astro-ph.CO]]. T. Koivisto, 
Class. Quant. Grav. 23, 4289 (2006) [gr-qc/0505128]. 

[8] O. Bertolami, C. G. Bohmer, T. Harko and F. S. N. Lobo, 
Phys. Rev. D 75, 104016 (2007) [arXiv:0704.1733 [gr-qc]]. 

[9] O. Bertolami and J. Paramos, Phys. Rev. D 77, 
084018 (2008) [arXiv:0709.3988 [astro-ph]]. V. Faraoni, 
Phys. Rev. D 76, 127501 (2007) [arXiv:0710.1291 [gr- 
qc]]. T. P. Sotiriou, Phys. Lett. B 664, 225 (2008) 
[arXiv:0805.1160 [gr-qc]]. O. Bertolami and J. Paramos, 
Class. Quant. Grav. 25, 245017 (2008) [arXiv:0805.1241 
[gr-qc]]. D. Puetzfeld and Y. N. Obukhov, Phys. Rev. D 
78, 121501 (2008) [arXiv:0811.0913 [astro-ph]]. O. Berto- 
lami, J. Paramos, T. Harko and F. S. N. Lobo, 
arXiv:0811.2876 [gr-qc]. T. P. Sotiriou and V. Faraoni, 
Class. Quant. Grav. 25, 205002 (2008) [arXiv:0805.1249 
[gr-qc]]. O. Bertolami, F. S. N. Lobo and J. Paramos, 



Phys. Rev. D 78, 064036 (2008) [arXiv:0806.4434 [gr- [13] 
qc]]. V. Faraoni, Phys. Rev. D 80, 124040 (2009) 
[arXiv:0912.1249 [astro-ph.GA]]. O. Bertolami and 
M. C. Sequeira, Phys. Rev. D 79, 104010 (2009) 
[arXiv:0903.4540 [gr-qc]]. S. Nesseris, Phys. Rev. D 79, [14] 
044015 (2009) [arXiv:081 1.4292 [astro-ph]]. 

[10] T. Harko and F. S. N. Lobo, Eur. Phys. J. C 70, 373 
(2010) [arXiv:1008.4193 [gr-qc]]. 

[11] T. Harko and F. S. N. Lobo, Int. J. Mod. Phys. D [15] 
21, 1242019 (2012) [arXiv: 1205.3284 [gr-qc]]. T. Harko, [16] 
F. S. N. Lobo and O. Minazzoli, Phys. Rev. D 
87, 047501 (2013) [arXiv:1210.4218 [gr-qc]]. T. Harko [17] 
and F. S. N. Lobo, Phys. Rev. D 86, 124034 
(2012) [arXiv:1210.8044 [gr-qc]]. J. Wang and K. Liao, [18] 
Class. Quant. Grav. 29, 215016 (2012) [arXiv: 1212.4656 
[physics.gen-ph]]. T. Harko, F. S. N. Lobo, M. K. Mak 
and S. V. Sushkov, Phys. Rev. D 87, 067504 (2013) [19] 

[arXiv: 1301.6878 [gr-qc]]. 

[12] B. S. DeWitt, Phys. Rev. 160, 1113 (1967). 



D. Atkatz, Am. J. Phys. 62, 619 (1994). J. J. Halliwell, 
Int. J. Mod. Phys. A 5, 2473 (1990). D. H. Coule, Class. 
Quant. Grav. 22, R125 (2005) [gr-qc/0412026]. C. Kiefer, 
Annalen Phys. 15, 316 (2006). 

J. A. Wheeler, Einstein's Vision, Springer- Verlag, Berlin 
(1968). M. Ryan, Hamiltonian Cosmology, Springer- 
Verlag, New York, (1972). D. Giulini, Gen. Rel. Grav. 
41, 785 (2009) [arXiv:0902.3923 [gr-qc]]. 
A. Vilenkin, Phys. Rev. D 32, 2511 (1985). 
C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravita- 
tion, San Francisco (1973). 

T. Harko, Phys. Rev. D 81, 044021 (2010) 
[arXiv:1001.5349 [gr-qc]]. 

M. V. Ostrogradsky, Mem. Acad. St. Petersbourg 6, 385 
(1850). C. Grosse-Knetter, Phys. Rev. D 49, 6709 (1994) 
[hep-ph/9306321]. 
C. Kiefer and B. Sandhoefer, arXiv:0804.0672 [gr-qc]. 



